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Abstract. We study and classify topologically invariant tr-ideals with a Borel base on the Hilbert cube and 
evaluate their cardinal characteristics. One of the results of this paper solves (positively) a known problem 
whether the minimal cardinalities of the families of Cantor sets covering the unit interval and the Hilbert cube 
are the same. 



1. Introduction and survey of principal results 

In this paper we study properties of topologically invariant cr-ideals with Borel base on the Hilbert cube 
I"^ — [0, 1]". In particular, we evaluate the cardinal characteristics of such cj-ideals. One of the results of this 
paper solves (positively) a known problem whether the minimal cardinalities of the families of Cantor sets 
covering the unit interval and the Hilbert cube are the same. 

This paper to some extent can be considered as a continuation of paper [3; devoted to studying topologically 
invariant cr-ideals with Borel base on Euclidean spaces R". To present the principal results, we need to recall 
some definitions. 

A family I of subsets of a set X is called an ideal on X HI is hereditary with respect to taking subsets and 
I is additive (in the sense that AU B £ I for any subsets A, B El). An ideal I on X is called a a -ideal if for 
each countable subfamily A QT the union IJ A belongs to T. An ideal X on X will be called non-trivial if I 
contains some uncountable subset of X and X does not coincide with the ideal 'P{X) of all subsets of X. Each 
family T of subsets of a set X generates the cr-ideal aF consisting of subsets of countable unions of sets from 
the family J-. 

A subset A of a topological space X has the Baire property (briefly, is a BP-set) if there is an open set 
[/ C A such that the symmetric difference A/\U ~ {A\U)iJ{U\A) is meager in X (i.e., is a countable union 
of nowhere dense subsets of X). A subfamily i3 C I is called a base for X if each set A e I is contained in some 
set B G B. We shall say that an ideal I on a Polish space X has a-compact base (resp. Borel base, analytic 
base, BP-base) \iX has a base consisting of cr-compact (resp. Borel, analytic, BP-) subsets of A. Let us recall 
that a subset A of a Polish space X is analytic if A is the image of a Polish space under a continuous map. 
It is well-known that each Borel subset of a Polish space X is analytic and each analytic subset of X has the 
Baire property. Thus, for an ideal X on a Polish space X we have the following implications: 

X has (7-compact base ^ X has Borel base X has analytic base =^ X has BP-base. 

Classical examples of cr-ideals with Borel base on the real line M are the ideal M of meager subsets and the 
ideal N of Lebesgue null subsets of R. One of the differences between these ideals is that the ideal is 
topologically invariant while TV is not. 

We shall say that an ideal I on a topological space X is topologically invariant if X is preserved by homeo- 
morphisms of X in the sense that X = {h{A) : A gX} for each homeomorphism h : X X oi X. 

In [3] we proved that the ideal Ai of meager subsets of an Euclidean space R" is the largest topologically 
invariant cr-ideal with BP-base on R". This is not true anymore for the Hilbert cube I" as shown by the cr-ideal 
cr2?o of countable-dimensional subsets of I"^ . The cr-ideal aT>Q is generated by all zero-dimensional subspaces 
of I" and has a base consisting of countable-dimensional G^cr-sets. It is clear that aVo ^ M. So, Ai is not 
the largest non-trivial cr-ideal with Borel base on I". Nonetheless, the ideal M has the following maximality 
property. 

Theorem 1.1. The ideal A4 of meager subsets of the Hilbert cube l'^ is: 

(1) a maximal non-trivial topologically invariant ideal with BP-base on I", and 
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(2) the largest non-trivial topologically invariant ideal with a-compact base on . 

Proof. (1) Given a non-trivial topologically invariant ideal I ^ Ai with BP-base on I"^ we should prove that 
I = Ai. Assume that I contains some subset A ^ I\Ai. Since I has BP-base, we can additionally assume 
that the set A has the Baire property in I'^. Being non-meager, the BP-set A contains a G^-subset Gjj C A, 
dense in some non-empty open set U C Q. The compactness and the topological homogeneity of the Hilbert 
cube (see e.g. pLTj 6.1.6]) allows us to find a finite sequence of homeomorphisms ft-i, . . . , ft,„ : I" — > I" such that 
I" = Ur=i The topological invariance of the ideal I guarantees that the dense G^-set G = 

belongs to the ideal I. Since I" \ G S C I is meager, we conclude that I" = G U (I" \ G) G I, which means 
that the ideal I is trivial. 

(2) Next, assume that I is a non-trivial topologically invariant ideal with a-compact base. To show that 
I C , it suffices to check that each cr-compact set if e I is meager in I'^ . Assuming that K is not meager and 
applying Baire Theorem, we conclude that K contains a non-empty open subset f7 C I'^. By the compactness 
of the topological homogeneity of I'^ there are homeomorphisms hi, . . . ,hn of I" such that I'^ = U"=i hi{U). 
Now the topological invariance and the additivity of I imply that I'^ e I, which means that the ideal X is 
trivial. □ 

In |3| we proved that the family of all non-trivial topologically invariant cr-ideals with analytic base on a 
Euclidean space R" contains the smallest element, namely the cr-ideal aCo generated by so called tame Cantor 
sets in M". A similar fact holds also for topologically invariant ideals with an analytic base on the Hilbert cube 

r. 

By a Cantor set in I'^ we understand any subset G C I"^ homeoniorphic to the Cantor cube {0, 1}". By 
Brouwer's characterization [15] of the Cantor cube, a closed subset G C I" is a Cantor set if and only if G 
is zero-dimensional and has no isolated points. A Cantor set ^ C I'^ is called minimal if for each Cantor set 
B CT' there is a homeomorphism h:!^ such that h{A) C B. 

Minimal Cantor sets in the Hilbert cube I" can be characterized as Cantor Z^-sets. Let us recall that a closed 
subset A of a topological space X is called a Zn-set in X for n < w if the set {/ G C(I",X) : /(I") H A = 0} 
is dense in the space G(I",X) of all continuous functions from I" to I"^, endowed with the compact-open 
topology. A closed subset A of a topological space X is called a Z-set in X if for any open cover U oi X there 
is a continuous map f : X ^ X \ A, which is lA-near to the identity map in the sense that for each x € X the 
set {/(x), x) is contained in some set U &U. It is clear that a subset of the Hilbert cube is a Z-set in I'^ if and 
only if it is a Z^-set in I". By the Z-Set Unknotting Theorem 11.1 in [8 , any two Cantor Z-sets A,B <Zf^ 
are abmiently homeomorphic, which means that there is a homeomorphism /i : I" — > I'^ such that h{A) = B. 
This implies that a Cantor set G C I"^ is minimal if and only if it is a Z-set in I"^. 

By Co we denote the family of all minimal Cantor sets in I'^ and by aCo the tr-ideal generated by the family 
Cq. Observe that (tCq coincides with the cr-ideal generated by zero-dimensional Z-sets in I'^. The following 
theorem shows that crCp is the smallest non-trivial tr-ideal with analytic base on I". 

Theorem 1.2. The family Co (the a-ideal aCo) is contained in each topologically invariant (a-)ideal X with 
analytic base on 1^ . 

Proof. Let I be a non-trivial ideal with analytic base on I". It follows that X contains an uncountable analytic 
subset A G I. Let s = (0,1)'^ denote the pseudo-interior of the Hilbert cube I'^. It is known (and easy 
to see) that each compact subset of s or I" \ s is a Z-set in I". Since A is uncountable, either A n s or 
A \ s is uncountable. By Souslin Theorem |15l 29.1], each uncountable analytic space contains a Cantor set. 
Consequently either A n s or A \ s contains a Cantor set G. Being a compact subset of s or I" \ s, the Cantor 
set G is a Z-set in I'^. It follows from G C A G X that the Cantor Z-set G belongs to the ideal X. Since 
each Cantor Z-set of I" is ambiently homeomorphic to G, the a-ideal X contains all Cantor Z-sets and hence 
Co CI. If I is a CT-ideal, then ctCo CI. □ 

As we already know, on the Hilbert cube there are non-trivial topologically invariant cr-ideals with Borel 
base, which are not contained in the ideal M. of meager sets. It turns out that among such cr-ideals there is 
the smallest one. It is denoted by ctQq and is generated by minimal dense G^-subsets of I"^. 

A dense G^-subset A of a Polish space X will be called minimal if for each dense G^-set B C X there is a 
homeomorphism h : X ^ X such that h{A) C B. By [3] any two minimal dense G^-subsets of I" are ambiently 
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homeomorphic. Minimal dense G^-sets in I"^ were characterized in [4] as dense tame G^-set. To introduce tame 
G^-sets in the Hilbert cube we need some additional notions. 

A family V of subsets of a topological space X is called vanishing if for any open cover U oi X the subfamily 
{V eV -.WU eU V (;tU}is locally finite in X. 

An open subset U of I" is called a tame ball if 

• its closure U in I" is homeomorphic to the Hilbert cube; 

• its boundary dU in I"^ is homeomorphic to the Hilbert cube; 

• dU and is a Z-set in U and in I*^ \ [/. 

By [S] 12.2], tame balls form a base of the topology of the Hilbert cube. 

A subset U of I" is called a tame open set in I" if ?7 = IJW for some vanishing family U of tame open 
balls with pairwise disjoint closures in I". The family U is unique and coincides with the family C{U) of all 
connected components of U. By C{U) — {C : C & C{U)} we shall denote the (disjoint) family of closures of 
the connected components of the set U. 

A subset G of I" is called a tame Gs-set in I" if G = Plnew ^'^^ some sequence {Un)n£uj of tame open sets 
in I'"' such that lJC(?7„_|_i) C ?7„ for every new and the family UriGw^(^n) vanishing in I". 

By Theorem 4 of [3] , a dense G^-set in I'^ is minimal if and only if it is dense tame Gg in I" . 

Denote by Go the family of all minimal dense G^-sets in I"^ and by aQo the a-ideal generated by the family 
Go- It is clear that Go 'Z It turns out that the cr-ideal aGo is the smallest topologically invariant cr-ideal 
with BP-base, which is not contained in the ideal of meager subsets in I'^. 

Theorem 1.3. The family Go (the a-ideal aGo) contained in each topologically invariant (a-)ideal I ^ 
with BP-base on . 

Proof. If I ^ M, then we can find a non- meager set A £ 2. Repeating the argument from the proof of 
Theorem II. 1[ we can show that the ideal I contains a dense G^-subset G of I'^ . To check that Go C I, fix any 
minimal dense G^-set M C I'^ and find a homeomorphism h of I'^ such that h{M) C G G I. Then h{M) G X 
and A{f G X by the topological invariance of I. □ 

In light of Theorem II. 3[ it is important to study the properties of the cr-ideal aGo and how its relation to 
other tj-ideals. Since each minimal dense G^-set is zero-dimensional, the ideal aGo is contained in the cr-ideal 
cr 2?o generated by the family of all zero-dimensional subspaces of I". By [14, 1.5.8], the ideal ctPq contains 
the cr-ideal aV^ generated by the family Vu: of all closed finite-dimensional subsets of I" . 

Theorem 1.4. The family T>i^ is contained in each topologically invariant ideal I <^ Ai with BP-base on I". 
Consequently, aT>^ C aGo ^ aT>o. 

Theorem 11.41 will be proved in Section [31 Theorems 11.21 and 11.31 will help us to evaluate the cardinal 
characteristics of an arbitrary topologically invariant cr-ideal with analytic base on the Hilbert cube. 

Given an ideal Z on a set X = IJ I ^ I, we shall consider the following four cardinal characteristics of I: 

add(X) =min{|.4| : ^CI, [jA(^I}, 

non(J) = min{|yl| : ACX, A^I}, 

cov(J) = min{\A\ -.ACT, [JA = X}, 

cof(Z) = min{|^| : ACT yB el 3A e A {B C A)}. 

In fact, these four cardinal characteristics can be expressed using the following two cardinal characteristics 
defined for any pair I C of ideals: 

add(I, J) = min{|^| : ^ C Z, \JAiJ} and 

cof (Z, J) = m\-a{\A\ ■.A'^J \iB eX3Ae A [B <Z A)}. 

Namely, 

add(I) — add(I,I), non(I) ~ add(J', I), cov(I) — cof(J',I), cof(I) = cof(I,I) 

where J- stands for the ideal of finite subsets of X. 

The cardinal characteristics of the cr-ideal have been thoroughly studied in Set Theory, see [S] or [7]. 
They fit into the following (piece of Cichoh's) diagram in which an arrow a — 6 indicates that a < 6 in ZFC: 
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non(A^) 9- cof(A^) max{non(yV(), 0} c 



b ^0 



wi ^ min{b, cov(A^)} = add(X) ^ cov(X) 

Here 

b = min{|B| : B C £ cj'^' 3y e B {y ^* x)} and 

= mm{\D\ : D C uj'^ Vx e uj'^ 3y e B (x <* y)} 

are the bounding and dominating numbers [5], |18j . [7] (the notation x <* y means x(n) < y(n) for ah but 
finitely many numbers n) . The precise position of the smah uncountable cardinals b and £) in the interval [wi , c] 
depends on additional axioms of ZFC, see [5]. The same concerns the cardinal characteristics of the ideal Ai 
on the real line: their values depend on axioms, too, see [6]. 

The cardinal characteristics of the ideal A4 will be used to evaluate the cardinal characteristics of the a- 
ideals aCo and aQo in the following theorems which are principal results of this paper. These two theorems 
will be proved in Sections S] and [5l respectively. 

Theorem 1.5. The a-ideal aCo on the Hilbert cube has cardinal characteristics: 

(1) cov(ctCo) = cov(7W), 

(2) non(CTCo) = non{M), 

(3) add{aCo,M) = addiM), 

(4) cof(crCo,X) = cof(X). 

Theorem 1.6. The a-ideal aQo on the Hilbert cube has cardinal characteristics: 

uji < add(creo) < cov(go) < add(7W) < cof(X) < non(CTgo) < cof(cr^o) < c 
Theorems 11.21 11.31 11.51 and 11.61 imply the following corollary. 

Corollary 1.7. Let I he a non-trivial topologically invariant a-ideal I with analytic base on the Hilbert cube. 

(1) If I C M, then cov(X) = co\{M), non(I) = non(X), add(I) < add{M), and cof(X) > cof(X). 

(2) If I % M, then add(X) < cov(I) < cov(ct^o) < add(X) < coi{M) < non(crao) < non(J) < cof(I). 

Corollary 11.71 implies that the cardinal characteristics of any non-trivial topologically invariant cr-ideals 
2 C M and J % M with analytic Base on the Hilbert cube fit in the following variant of Cichoh's diagram 
(in which a — > indicates that a < b): 

non(CTt/o) ^ non(J') ^ cof(J') ^ c 



non(X) = non(X) ^ cof(A^) ^ cof(I) 



add(X) ^ add{M) ^ cov(A^) = cov(Z) 



wi ^ add(J') ^ cov(J') cov(cr^o) 

The following example shows that the inequalities add(I), cov(J') < add{Ai) and cof(A^) < cof (I), non(J') 
in this diagram can be strict. By an arc in I'^ we understand any subset A <Z homeomorphic to the closed 
interval I = [0, 1]. 
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Example 1.8. (1) The a-ideal T generated by arcs in I" has 

add(A^) = LOi, cov(I) = cov(A^), non(I) = non(A^) and cof(I) ~ c. 
(2) The ideal J = cr2?o % ■M. oj countable dimensional subsets of I" has 
add(J') = cov{J) = uji and non(J') = cof ( J") = c. 

Proof. The first statement can be proved by analogy with Example 2.6 of [3]. To see that non(o'Po) = c, 
observe that each subset A CI" oi cardinality |^| < c if zero-dimensional. The equality cov{aT>o) — toi is an 
old result of Smirnov, see [Ml 5.1.B]. □ 

Next, we describe three classes of topologically invariant cr-ideals I with cr-compact base on the Hilbert 
cube whose cardinal characteristics coincide with the respective cardinal characteristics of the ideal A4. In 
the following definition by we denote the (Polish) group of homeomorphisms of the Hilbert cube I", 

endowed with the compact-open topology. 

Definition 1.9. A topologically invariant ideal X on I" is called 

• Gs-generated if I has (T-compact base and there is a G^-subset G C I" such that each compact subset 
K C G belongs to I and for each compact set A G X the set = {/i G : h{A) C G} is dense 
in 7^(r); 

• Gg-generated if there is a G^-generated ideal X* on I" and an embedding e : such that 
X = {e-\A) : A G X*}; 

• aG*g-generated if there is a sequence {Xn)neui of G|-generated ideals on I" such that Une^j-^" — ^^'^ 
each A G X is contained in the union Unew compact sets Kn G Xn, n £ uj. 

It follows that each G^-generated ideal is G|-generated, each G|-generated ideal is (TG|-generated, and each 
crGJ-generated cr-ideal has cr-compact base. 

Theorem 1.10. If a non-trivial topologically invariant a-ideal X on is aGg-generated, then 
add(I) = add(A^), cov(X) = cov(A^), non(I) = non(X) and cof(I) = cof(A^). 

Now we shall apply Theorem 11.101 to calculate the cardinal characteristics of some cr-ideals naturally ap- 
pearing in Dimension Theory. We recall that for a family T of subsets of I" by aX' we denote the smallest 
(T-ideal containing the family X'. It consists of all subsets of countable unions of sets from the family T. By /C 
we shall denote the family of all compact subsets of the Hilbert cube I" . 

Definition 1.11. A family V of subsets of I" will be called a dimension class if 

• 2? is compactly a-additive in the sense that the cr-ideal cr(/C H 2?) is contained in the ideal V; 

• T) is topological in the sense that a subset A C I" belongs to the class V if it is homeomorphic to some 
set B eV; 

• "D contains a set U G T) which is /C n V-universal in the sense that each compact subset A G 2? is 
homeomorphic to a subspace of the universal space U ; 

• T) admits completions^ which means that each set A gV is contained in a G^-subset G G 2? of I". 

A family 2? of subsets of I'^ is called a a-dimension class if 2? = Unecj for an increasing sequence (X>n)neu 
of dimension classes. 

A typical example of a dimension class is the family d im<^ of all subsets A CZ I'^ of covering dimension 
dim(A) < n, see [14] §1.14]. The family dim<i^ of all finite-dimensional subsets of I'^ is an example of a 
cr-dimension class. More examples of (cr-)dimension classes can be found in Theory of Cohomological and 
Extension Dimensions [TO], [TT], [H], [TO] . 

For every n G w denote by crZ„ the a-ideal on I"^ generated by the family Z„ of all Z„-sets in I". Let us 
remark that the cr-ideal cr2^o coincides with the ideal M. 

Theorem 1.12. (1) For every n < uj the a-ideal aZn is Gs-generated. 

(2) For each dimensional class T> the a-ideal a(Zi^ fl 2?) is Gs-generated and the a-ideal a{]C fl 2?) is 
Gg-generated. 

(3) For each a-dimensional class 2? the a-ideals a{Z^ n 2?) and a{]C H 2?) are aGg-generated. 



Theorems 11.101 and 11.121 imply: 
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Corollary 1.13. Each a-ideal I G {uZn : n g oj} U {<t(/C n 2?), a{Zi^ n : D is a a -dimension class} has 
add(Z) = add{M), cov(I) = cov{M), non(I) = non{M), and cof(I) = cof(>l). 

This corollary answers several problems posed in the literature. In particular, it answers Problem 2.6 of [2] 
and [?] concerning the cardinal characteristics of the cr-ideals cr-Z„, n < cj, and a{IC H dim<o). 

2. Some Properties of Z-sets in the Hilbert cube 
In this section we collect the necessary information on Z-sets in the Hilbert cube I". 

We recall that a subset ^ of a topological space X is called a Z-set in X if A is closed in X and for each 
open cover U oi X there is a map f : X ^ X \ A, which is U-neai to the identity map \d : X ^ X. All maps 
considered in this paper are assumed to be continuous. In contrast, functions need not be continuous. It follows 
that a subset of the Hilbert cube I'^ is a Z-set in I" if and only if it is a Z^^-set in I'^. 

A subset A of a topological space X is called a aZ-set in AT is A can be written as the countable union 
A = Ur=i An of z-sets. 

A typical Z-set in the Hilbert cube looks as in the following simple and known lemma. 

Lemma 2.1. For any closed proper subsets An ^ I, n e the product UnGw Z-set in 1^ . 

We shall often use the following powerful homogeneity property of the Hilbert cube 8, 11.1]. 

Theorem 2.2 (Z-Set Unknotting Theorem). Any homeomorphism h : A ^ B between Z-sets A, B in the 
Hilbert cube I" extends to a homeomorphism of P . 

A map f : X Y will be called a Z -embedding if f{X) is a Z-set in Y and f : X f{X) is a homeomor- 
phism. The following universality property of the Hilbert cube was proved in 8, 11.2]. 

Theorem 2.3 (Approximation by Z-embedding). For any compact metrizable space K the set of Z -embeddings 
is dense in the function space C'{K,I'^). 

We shall apply the Z-Set Unknotting Theorem to prove the following lameness lemma. 

Lemma 2.4. For each zero- dimensional Z-set A in the Hilbert cube I" and every open cover U o/I" there is 
a finite cover Bi, . . . , Bn of A by open subsets of I" such that 

(1) for every i < n the closure Bi is homeomorphic to I", is contained in some set U eU and the boundary 
dBi of Bi in 1^ is a Z-set in Bi; 

(2) for any distinct numbers i,j < n the closures Bi and Bj are disjoint. 

Proof. This lemma is obvious for zero-dimensional sets contained in straight intervals of the form [0, 1] x 
{xq} C I X I'*^ = I". The general case can be reduced to this special case with help of the Z-set Unknotting 
Theorem O □ 

3. Proof of Theorem 11.41 

We shall derive Theorem 11.41 from five lemmas proved below. In these lemmas by X be denote the Hilbert 
cube I"^ and by H{X) its homeomorphism group endowed with the compact-open topology. A neighborhood 
base of this topology at each h E T~L{X) consists of the sets 

B{hM)^{f e'H{X):{hJ)<U}, 

where lA runs over all open cover of X. For a cover lA oi X and maps f,g:X^X, we write (/, g) ~< U and 
say that / and g are U-near if for every x E X the set {/(a;), g{x)} is contained in some set U ElA. 

It is well-known that for any metric d generating the topology of A, the compact-open topology on T-L{X) 
is generated by the complete metric 

d{f,9) = sup d{f{x),g{x)) -\- snp d{f^^{y), g^^{y)). 
xex yex 

This implies that H.{X) is a Polish topological group. 

In the following lemmas, for subsets F,G C X and a natural number n G N, we shall establish some 
properties of the subset 

H^G = {ihr)t, e H{Xf : C U h,{G)) 

i=l 
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of the k-th power T-L{X)^ of the homeoniorphism group H{X). 
Lemma 3.1. For a closed set F C X and an open set U C X the set 

H%,u = m)ti e nxf : C U h{U)} 

i=l 

is open in T-L{X)^ for every fc £ N. 

Proof. The proof is by induction on fc G N. 

First we verify this lemma for fc = 1. Since T-L{X) is a topological group, it suffices to check that the set 

{Hljj)-^ = {/i e mX) : F C h{U)}-^ = {/i e niX) : h-^{F) C U}-^ ^ {h e n{X) : h{F) C U} 

is open in ^{{X). But this follows from the definition of the compact-open topology on H{X). 

Now assume that the lemma has been proved for some fc G N. To prove it for fc + 1, fix any sequence of 
homeomorphisms {fi)i+l 6 H'^+jJ. Then F C Ut^i^ MU) and hence fltti \ U) C X\F. It follows 

that the closed sets B = H^Li fii^ \ U) and C — F r\ fk+i{X \ U) are disjoint and hence have disjoint open 
neighborhoods V and 0(C) in X. Then V and W — 0{C) U {X\F) are two open sets such that 

• V r\W d X\F; 

• nti f.{X\U)^B CV, which is equivalent to X\V ^ Uti f^(U); 

• fk+i{X \U)cW, which is equivalent X \W C fk+i{U). 

By the inductive assumption, the sets Hx\vu ^ ifi)i=i ^^"^ ^x\wu ^ ■^'=+1 ^'"^ open and so is their product 

H''{X \V,U)x h\x \W,U) c H{Xf X nix) = ■H{xf+^, 

which contains the sequence {fi)\^l and lies in the set This shows that the set H''^^{F,U) is open in 

Lemma 3.2. For a closed set F <Z X and an Gg-set G d X the set 

Hkc - {(/^Oti e nx)'^ -.Feu h,{G)} 

i=l 

is of type Gs in T-L{f^)^ for every fc e N. 

Proof. Write the Fo--set F as the union F = Uje^ °f ^ non-decreasing sequence {Fj)j^^ of closed subsets 
of X and write the G^-set G as the intersection G = fljew '^^ ^ non-increasing sequence {Uj)j<^^ of open 
subsets of X. Then for any sequence of homeomorphisms {hi)\^^ e T-L{X)^ we get 

U ^^iG) - y fi K{u,) = fi y h,{u,). 

Consequently, the set 

k 

H%,G - {ih^=i e nxf : y C Pi y h^iU,)] = 

k 

is of type Gs in T-L{X)'^ as each set Hp, jj, is open in T-L{X)^ by Lemma [3. II □ 

While the preceding two lemmas hold for any compact metrizable space X, the following three lemmas 
essentially depend on the properties of the Hilbert cube X — 1^ . 

Lemma 3.3. For any zero- dimensional Z-set F d X and any dense open subset G of X the set Hp\j = {/i G 
n(X) : h{F) CG) is a dense m UiX). 
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Proof. Given a homeomorphism ho G 'H(X) and an open cover U of the Hilbert cube X , we need to find 
a homeomorphism h of I"^ such that h{F) C G and {h, ho) -< hi. 

By Lemma [2.41 there is a finite cover _Bi, . . . , i?„ of the zero-dimensional Z-set ho{F) by open subsets of X 
such that 

• for every i < n the closure Bi of Bi lies in some set U U, Bi is homeomorphic to the Hilbert cube 
and dBi is a Z-set in 5^; 

• for any 1 < i ^ j < n the closures and Bj are disjoint. 

For every i < nwe shall construct a homeomorphism fi : Bi ^ Bi such that fi\dBi — id and fi{BiC\Fo) C G. 
Using the Approximation Theorem l2.31 in the function space C{f^ ,Bi) choose a countable dense subset {gj}je^ 
consisting of Z-embeddings. Then At — UjeLjffj(^") ^ cr Z-set in Bi and each closed subset C <Z X \ Ai 
of Bi is a Z(^-set in Bi. Taking into account that G is an open dense subset of X, we conclude that the set 
Bir\G\A is non- meager in X. Consequently, this set is uncountable, which allows us to find a topological copy 
of the Cantor cube va Bir\U \A. Since the Cantor cube contains a topological copy of each zero-dimensional 
compact metrizable space, we can find a compact subset Ki C Bi n U \ Ai, homeomorphic to the compact 
zero-dimensional set Bi n ho{F) = Bi n ho{F). It follows from Ki n = that Ki is a Z-set in Bi. Using 
the fact that ho{F) is a Z-set in I"^ and dBi is a Z-set in Bi, we can show that ho{F) O Bi is a, Z-set in 
Bi. By the Z-set Unknotting Theorem, there is a homeomorphism fi : Bi ^ Bi such that fi\dBi — id and 
fi{ho{F) n Bi) = Ki C U. The homcomorphisms fi, t < i < n, compose a homeomorphism f : X ^ X such 
that f\Bi — fi, i < n and /|^\Ur=i ^« ^ "^^"-^ homeomorphism / is Z//-near to the idenitity homeomorphism 
of X and f{ho{F)) C C/. Then the homeomorphism h = f o ho : X ^ X is Z//-ncar to /iq and C U. □ 

Lemma 3.4. For every dense Gs-set G in I" and every aZ-set F C I" oj finite dimension k = dim(F) the 
set 

^FG - e : F C U^,(G)} 

is dense Gs in the space 'H{X)''~^^ . 

Proof. By Lemma [3. 2 [ the set Hp'\i is of type Gs in 'H{X)'''^^ . So, it remains to prove that this set is dense 
in This will be done by induction on A; G N. 

First we check the lemma for k ~ 0. Fix a cr Z-subset F in X of dimension dim(F) = and consider the 
subset i/i p ^ {h £ mx) : A C h{G)} of n{X). Write the crZ-set F as the union F = {j^^^Fj of an 
increasing sequence {Fj)j^^ of Z-sets in X and write the dense G^-set G as the intersection G = Pljew Uj of a 
decreasing sequence {Uj)j(zi^ of open dense subsets of X. Observe that 

By Lemma 13. 3[ for every j £ ll) the set 

(H^M^y = {h e n{X) : F, C /i(C/,)}-^ = {/i e : h{F,) C C/J 

is dense in and so is its inverse Hp jj,. By Lemma 13.11 the set Hp, jj, is open in 'H(X). Then the set 

FI^FG ~ HiGw Uj ^ dense Gs in H{X), being a countable intersection of open dense sets in the Polish 
space ^.{X). 

Now assume that the lemma has been proven for some k £ ui. Given any cr Z-set F C I" of dimension 
dim(F) = fc -f 1, we need to prove that the set Hp^Q is dense in Fix any non-empty open set 

U C n{X)''+^ ^ niX)''+^ X n{X). We can assume that U is of the form W V x W for some open sets 
V C and W C n{X). 

The space F has (inductive) dimension k I and hence F has a countable base B = {Uj : j £ u} oi the 
topology such that the boundary dUj of each set Uj £ ;B in the space F has dimension dim{dUj) < fc. By the 
inductive assumption, for every j £ io the set 

H'oUg = {{(/^OS e n{X)^+' : dU, C u'/i.(G)} 

i=i 
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is dense Gs in 'H{X)^'^^ . Then the intersection Pljei^ -^ac/j!^G ^^'^ ^ dense G^-set in So, we 

can choose a sequence of homeomorphisms {hi)\^l e V fl Hjew -^at/^c- these homeomorphisms, we get 



V},^.dU,^{jl+lK{G). 

Now consider the crZ-set F' = F \ Ij'^^l h,{G). Since {Uj}j(z^ is the base of the topology of the space F 
and the intersection F' n Ujecj ^^PtYi the set F' has dimension zero. By the inductive assumption (for 

A; = 0) the set Hp, q is dense Gs in ^{X), which allows us to find a homeomorphism hk+2 & WnHp, q. Then 
the sequence of homeomorphisms {hi)\^Q belongs to the set (V x W) n -ff^^ witnessing that the set is 
dense in ' ' □ 

Lemma 3.5. For every dense Gg-set G in X — 1^ and every F„-set F <zl^ of finite dimension k — dim(i<") 
the set 

H%^G = {{h^)tt e n{xf+^ -.Fc [jh,{G)} 

i=l 

is dense Gs in the space 'H{X)^'^'^ . 

Proof. Given any non-empty open set U C 'H{X)'^^^, we need to show that UClHp'^^ ^ 0. We lose no generality 
assuming that W = V x W for some non-empty open sets V G H'^^^{X) and W C TL'^{X). 

By Theorem 12.31 the function space G{I^,X) contains a dense countable subset {/j}jew consisting of Z- 
embeddings. It follows that A = IJjew fji^"^) ^ cr Z-set of dimension dim(A) = 2 in I'^. By Lemma [3.41 the 
set Fl\ Q is dense in 'M?{G). Consequently, we can find homeomorphisms ^A;+3, G W such that 

^ ^ hi{G). Now consider the G^-set G' — hi{G) and the finite-dimensional F^-set F\G' C X\A 

in X. It follows from the choice of the set A that i^\G' is a cr .Z2-set. Since each finite-dimensional Z2-set in the 
Hilbert cube is a Z-set (see [H]), the finite-dimensional aZ2-set F \ G' is a cr Z-set in X = 1'^ . By Lemma 
the set Flp'^Q, ^ is dense in 'H{X)'^'^^, which allows us to find homeomorphisms (hi, . . . , hk+i) € V such that 

F\G' C [j-=i hr{G)- Then [h^ hk+i,h k+2, hk+3, hk+i) eVxW^iYisa sequence of homeomorphisms 
with F C [Jl^i hi{G), which means that this sequence belongs to the set Hp'^Q. □ 

Proof of Theorem \1.4\ Let I ^ be any topologically invariant ideal with BP-base on the Hilbert cube I". 
Repeating the argument of the proof of Theorem 11.11 we can show that I contains a dense G^-set G in I". 
By Lemma 13.51 for any closed subset F C I" of finite dimension k — dim(F) there are homeomorphisms 
hi, . . . ,hk+i G H(I") such that F C {Ji=ihi{G). By the topological invariantness and additivity of I, the 
union {Jl^i hi{G) and its subset F belong to the ideal I. So, I?<^ C I. 

If X is a tr-ideal, the aV^^ C I. □ 

4. Proof of Theorem 11.51 

The proof of Theorem 11.51 is divided into four lemmas: 14.41 14.51 14.61 and 14.71 reducing the problem of 
calculation of the cardinal characteristics of the ideal ctCq to zero-dimensional level. The reduction will be 
made with help of semi-open bijection of the Baire space Z"^ onto the Hilbert cube. 

A map f : X ^ Y between topological spaces is called semi-open if for non-empty each open set U C X the 
image f{U) has non-empty interior in Y. The following property of bijective semi-open maps is immediate. 

Lemma 4.1. If f : X ^ Y is a bijective semi-open map between topological spaces, then for any nowhere 
dense subset A C X its image f{A) is nowhere dense in Y . 

A standard example of a semi-open map is the Cantor ladder map 



c:{0,ir ^[0,1], c:{x,)Zi^ 



00 



1=1 



of the Cantor cube {0, 1}" onto the closed interval [0, 1]. This map will be used to prove: 

Lemma 4.2. There exists a bijective semi-open map (p : Z" — > I 0/ the Baire space Z" onto the closed interval 
I. 
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Proof. Consider the Cantor ladder map c : {0, 1}" [0, 1]. It is well-known that for each point y of the set 
Q2 = {p- : < m < 2*'', fc,TO G w} C [0,1] the preimage c~^{y) has cardinality |c~^(2/)| = 2 and for every 
y e [0,1] \ Q2 the preimage c~^{y) is a singleton. Take any subset B C {0,1}" such that the restriction 
c\B : B [0,1] is bijective. It follows that the set B is dense and has countable complement in {0,1}". 
Consequently, B is zero-dimensional Polish nowhere locally compact space, which is homcomorphic to the 
Baire space Z" according to the Aleksandrov-Urysohn Theorem [151 7.7]. It is easy to see that the restriction 
c\B : i? — >■ [0, 1] is semi-open. Then for any homeomorphism h -.11^ ^ B the map ip — co h : ^ [0,1] is a 
bijective semi-open map of the Baire space Z" onto the interval [0, 1]. □ 

We shall consider the Baire space Z" as a topological group endowed with the operation of addition of 
functions. In this group consider the closed nowhere dense subset Zq where Zo = Z \ {0}. 

Lemma 4.3. There is a bijective semi-open map $ : Z" I" such that for every f G Z" the set $(/ + Zq ) 
belongs to the a -ideal aCo generated by zero- dimensional Z-set in I". 

Proof. Take the bijective semi-open map ip : — >■ I from Lemma 14.21 and consider its countable power 

For each function / G (Z")" the set / -f (Zq )" can be written as the countable product Yineuiifn + ^0) ^"-"^ 
suitable functions /„ e Z", n G uj. Then ip"{f + (Z^)") = Uneu: vUn + Z^)- Observe that for every n G w 
the set /„ -I- Zq is nowhere dense in Z". Since the map 93" is bijective and semi-open, the image </j(/„ + Zq ) 
is nowhere dense in the interval I and so is its closure in 1. By Lemma [2.11 the product K = Ilnetj is 
a zero-dimensional Z-set in I". Consequently, the set (/9"(/ -I- (Zq )") C K belongs to the ideal crCo- Then for 
any coordinate permutating homeomorphism h : Z'^ ^ (Z")" the map $ = (p" o : Z" — > I" has the required 
property: $(/ + Z^) G ctCq for every / G Z". □ 

Lemma 4.4. cov(ctCo) — cov{A4). 

Proof. The inequality cov(ctCo) > cov{A4) is obvious, because aCo C M. The proof of the inequality cov(crCo) < 
cov{M) uses the equality 

cov{M) = min{|J'| : J" C Z" and J" + Z;^ = Z"} 

proved in Theorem 2.4.1 [5]. According to this equality, there is a subset 7^ C Z" of cardinality = cov(A^) 
such that Z'^ -\-T = Z". 

By Lemma [4.31 there is a bijective map $ ; Z" — > I" such that for every / G Z" the set $(/ + Zq ) belongs 
to the ideal ctCq. Since 

r = <i>(z") = IJ $(/-i-z^), 

the family {$(/ + Zq )}/gjr c crCo is a cover of I", witnessing that cov(ctCo) < \T\ = cov(A^). □ 
Lemma 4.5. non(CTCo) — non(7W). 

Proof. The inequality non(CTCo) < non(A^) is obvious, since ctCq C A4. To prove the inequality non((TCo) > 
non(A^), we shall use a combinatorial characterization of the cardinal non(y\/() due to Bartoszynski 5, 2.4.7]. 
According to this characterization, non(7W) coincides with the smallest cardinality of a subset yl C Z" which 
cannot be covered by countably many sets of the form / -t- Zq , / G Z" . 

Let $ : Z" — i> I" be the bijective map from Lemma [4.31 Observe that for any subset A C I" of cardinality 
\A\ < iion{A4) its preimage $^^(A) C Z" has cardinality |$^^(A)| = \A\ < non(7W) and by the combinatorial 
characterization of non(A^), can be covered by the set C -f Zq for some countable set C C Z". Then A C 
U/ec *(/ + ^0 ) £ o-Cq. This implies that non{aCo) > non(X). □ 

Lemma 4.6. add{aCo,M) = add(7W). 

Proof. The inequality add{aCo,M) > add(7V() is trivial. Since add(A^) = min{cov(A4), b}, the inequality 
add(CTCo,A^) < add(A^) will follow as soon as we check that add(CTCo,A^) < min{cov(7W), b}. Lemma [4.41 
implies that a.dd{aCo,M) < cov(crCo) = cov(7W). 

To prove that add(crCo, A^) < b, consider the set I \ Q of irrational numbers in I and its countable power 
(I \ Q)", which is homcomorphic to the Baire space Z" according to the Aleksandrov-Urysohn Theorem [TSl 



TOPOLOGICALLY INVARIANT cr-IDEALS ON THE HILBERT CUBE 



11 



7.7]. By Theorem 2.2.3 of [5j, the space (I \ Q)'^ (being a topological copy of Z"^) contains a family A of 
compact subsets of cardinality |^| = b whose union IJ ^ is non-meager in (I \ Q)"^ and hence is non-meager 
in the Hilbert cube I". By Lemma [2.11 each set A e ^ is a zero-dimensional Z-set in I" and hence A C (tCq. 
Since IJ ^ we see that add(crCo, M) < \A\ = fa. □ 

Lemma 4.7. cof(crCo,7W) = cof(A^). 

Proof. The inequality coi{aCo,A4) < cof(A4) is trivial. Since cof(A^) — max{non(7W), £)}, the inequality 
coi{aCo,M) > cof(A^) will follow as soon as we check that coi{aCo,M) > max{non(A^), O}. Lemma H3] 
implies that cof{aCo,M) > non(crCo) — non(7W). 

To prove that coi{aCo, Ai) > d, consider the set I \ Q of irrational numbers in I and its countable power 
P = (I\Q)'^, which is homeomorphic to the Baire space Z'^ according to the Aleksandrov-Urysohn Theorem [151 
7.7]. Let M{P) be the ideal of meager sets in P and alC{P) be the tr-ideal generated by compact subsets of 
P. By Theorem 2.2.3 of fF, cof (cr/C(P), X(P)) = 0. Taking into account that cr/C(P) C ctCq (which follows 
from Lemma [2?T|) and M{P) ^ {M n P : M e M}, we see that 

= coi{alC{P),M{P)) < coi{aCo,M). 

Therefore, cof(CTCo, A^) > max{non(7W), 0} = cof(A^) and we are done. □ 

5. Proof of Theorem 11.61 

First we elaborate some tools for working with tame G^-sets in the Hilbert cube I". We shall need an 
index- free description of tame G^-sets developed in [4]. 

A family T of open subsets of a topological space X is defined to be tame if 

• T is vanishing in the sense that for each open cover U oi X the family {B G T : Vt/ E U B U} is 
locally finite; 

• for any distinct sets A, B E T one of three possibilities holds: AD B = ^1, A C B, ot B C A. 
For a family T of subsets of a set X consider the set 

y°° r = n { UC^ \ : is a finite subfamily of T} 

of all points x E X that belong to infinitely many sets of the family T. 

The following characterization of tame G^-sets was proved in Proposition 2 of [4] . 

Proposition 5.1. A subset G C I" is a tame Gs-set in if and only if G = [J°° T for a tame family T of 
tame open balls in I". 

A subset G C I will be called a tame Gs-set in I if for any for any non-empty open set [/ C I the complement 
[/ \ G is uncountable. 

To establish some structural properties of tame G^-sets in I, we need indexed modifications of the notions 
of vanishing and disjoint families. An indexed family (Xa)aeA of subsets of a compact metrizable space X is 
called 

• disjoint if Xa H X/3 ~ for any distinct indexes a, /3 e A; 

• vanishing if for each open cover U oi X there set {a e A : VU G U Xa U} is finite. 

Lemma 5.2. If G G I is a dense tame Gs-set in I, then for any non-empty open connected subset [/ ^ I and 
any e > there is a sequence {Um)meuj of non-empty open connected subsets of I such that 

(1) the indexed family {Um)meuj is disjoint; 

(2) U™e.C^™Cf/; 

(3) diam([/,„) < e for all m G w; 

(4) VnGc[j„,^^Urn. 

Proof. Being a proper open connected subset of I, the set U is equal to (a, b), [0, b), or (6, 1] for some numbers 
< a < < 1. So, we can choose a disjoint sequence {Vm)meuj of non-empty open connected subsets I such 
that 

(a) Umeu '^^^^^ ^ 5 

(b) U„.e.KnCC/; 

(c) the family {Krajmecj is locally finite in U; 
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(d) diamKn < e/2 for all m € uj. 
Since the Gg-set G is tame, for every m G cj the complement Vm \G is uncountable, and hence contains 
a topological copy Km of the Cantor cube Km- The condition (c) implies that the union K — Umetj ^™ 
is a closed subset without isolated points in V. Consequently, its complement V \ K can be written as the 
countable union IJ^g^ Um of a disjoint sequence {Um)m.£u> of open connected subsets of I such that the family 
{Um)meco is disjoint. The condition (d) guarantees that diam(C/m) < e for all m G w. The obvious inclusion 
VriGcV\K^ UmGw completes the proof of the lemma. □ 

Using Lemma l5.21 by a standard inductive argument, one can prove: 

Lemma 5.3. // a dense Gg-subset G of I is tame, then G = Hnew Umew ™ f'^^ some vanishing indexed 
family {Un,m)n,m£u> of Open connected subsets o/I such that for every n G N the indexed family {Un,m)meu> is 
disjoint and the family {Un+i,m.}mi£uj refines the family {Un.m}mGuj- 

Lemma 5.4. For each uncountable cardinal k < c there is a family {Ga)aeK of dense tame Gg-sets in I such 
that each subset X Cl of cardinality \X\ < k is contained in some set Ga, a € k. 

Proof. Fix a countable base (Un)neuj of the topology of the interval I and in each set U„ fix a disjoint family 
{Cn,a)a<£K of K many Cantor sets. Observe that for every a G k the complement Ga — ^ \ Uhglj ^'n.a is a dense 
tame G^-set in I. 

Given any subset X C I of cardinality \X\ < k, for every n G u consider the set An = {a G k ; XDCn^a 0} 
and observe that it has cardinality \An\ < \X\ < k. Then the union A = {J^euj ^^so has cardinality \A\ < k 
and we can choose an ordinal a € k\A. For this ordinal a we get X C I \ Unsw Cn,a = Ga- □ 

Now we are ready to prove the principal ingredient of the proof of Theorem 11.61 

Proposition 5.5. Let G be a dense tame Gs-set in the unit interval I. Then: 

(1) the countable power can be covered by b many tame Gs-sets in I"; 

(2) any subset X C G" of cardinality \X\ <d can be covered by a single tame Gs-set in I". 

Proof. By Lemma 15. 3[ G = HrieLj Umsw ^n,m for some vanishing indexed family U — iUn,m)n,meui of open 
connected subsets of I such that for every n G N the indexed family (C/n,m)mew is disjoint and the family 
{Un+i,m}meuj rcfiues the family {?7„,m}„g^. 

For every increasing function / : cj — > a; we define a tame G^-set in I"^ as follows. For every n G w let 

a{ = max{supC/„^m : m < /(n), 1 ^ C7„^„i} and 

bi = min({l} U {inf C/„,™ : m < f{n), 1 G !/„,,„}). 

Since the indexed family (C7„,m)mew is disjoint, < a,{ < b^ < 1. Moreover, Um</(„) Un,in C [0,a,{) U 1]. 
Now for every n G lo consider the finite family 

^[\{V,--Vo,---, Vn-i G {£/„,,„},„</(„), K G {[0, al), [b{, 1]}, V, = I for all i > n} 

of tame open balls in the Hilbert cube I". 
Claim 5.6. The family {V : V G Tj} is disjoint. 

Proof. This follows immediately from the fact that the family {J7„.m}metj is disjoint. □ 
Claim 5.7. The family — Unew tame. 

Proof. We need to check two conditions from the definition of a tame family. 

1. The vanishing property of T will follow as soon as we check that for each e > the subfamily {V gT : 
diam(y) > e} is finite. Here we consider the metric 

1// N f \ \ ~ Un I 
d{{Xn)n&ujAyn)nCiui) = niax — 

on the Hilbert cube I'^. 
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Since the double sequence {Un,m)meui is vanishing, there is n S w so large that 2~" < e and diaiii{Uk.m) < £ 
for all fc > n and all m € uj. Then for every k > n, every tame open ball V S T/I has diameter diam(V^) < e. 
This implies that the family {V G T-^ : diam(y) > e} C U/c<n "^k is finite. 

2. Given two distinct sets V,W ^ T-^ , we need to check that V (IW ~ V dW or W CV. Find numbers 
k,n G Lj such that V G T/f and W € Tj ■ We lose no generality assuming that k < n. If n = fc, then V OW = $ 
by Claim [Sm Next, consider the case k < n. It follows that V — Yiieuj ^^'^ ^ ~ Iliew some sets 

Vo,...,Vk-l e {Uk^,n}rn<f{k), Vfe G { [0, a{) , (&{ , 1] } , = I for Z > k, and Wo,...,W„_i G {J7„,m}m</(n), 

Wn G {[0, a^), (6^, 1]}, and = I for i > n. The choice of the family {Uij}i,j^uj guarantees that either 
Vi nWi = 9 ioi some i < k or else W^i C Vi for alH < fc. In the first case the sets V and W have disjoint 
closures. So, it remains to consider the second case: Wi C Vi for alH < fc. Consider the set Wk, which is equal 
to J7„,m for some m < f{n). It follows that Un.m C Uk.m' for some number m' G uj. Since the family {Uk,i}ii£u 
is disjoint and consists of connected subsets of I three cases are possible: (i) Uk,m' C [0, a{), (ii) &{ < 1 and 
Uk,m' C (&{,!], (in) < 1 and Uk.m' C {a^,b^), and (iv) = 1 and J7fc_,„' C (a{,l]. In the case (i) we get 
W CV iiVk = [0, a{) and W n F = if Vfc = (5^, 1]. In the case (n) we get W C V if Vfc = 1] and 
W n F = of Vfe = [0, a{). In the cases (ni) and (iv) we get W n F = 0. □ 

Since T-^ is a tame family consisting of tame open balls in the Hilbert cube I", the set — 1J°° T-'^ is a 
tame G^-set in I'^ by Proposition l5.ll 

For each point x — (xi)ig^ G G"^, consider the function : u uj assigning to each number n ^ uj the 
smallest number m — fx{n) such that xq, ■ ■ ■ ,Xn G Um</ (n) ^n,/x(«)- 

Claim 5.8. For a function f G flKC? a point x G G"^ / ^* /a; we ^et x G . 

Proof. It follows that for every n £ tu with fx{n) < f{n), we get 

Xq, . - . , Xji G Uji.ra ^ Uji^ui: 

which implies that x = {xi)i^i^ G IJ ^^"^ hence x G 1J°° T-^ = as the set {n G a; : fx{n) < f{n)} is 
infinite. □ 



Now we can complete the proof of Proposition [5T51 

1. By the definition of the cardinal b, there is a subset C of cardinality |J^| = b such that for every 
g G uj'^ there is / G with f ^* g. Then for any point x G X there is a function f E J- such that / ^* fx- By 
Claim [ESI X eTf C UgGJ^^^' '^hich means that G"^ is covered by b many tame G^-sets T*?, g G J", in I". 

2. If X C G'^ is a subset of cardinality \X\ < 0, then the set {fx ■ x G X} is not dominating in w'^ and 
hence there is a function / Go;" such that f ^* fx for all x G X. By Claim [5781 a; G T-^ for each a; G X, which 
means that X is covered by the tame Ga-set . □ 

The following two lemmas imply Theorem 11.61 

Lemma 5.9. cov((t^o) < add(A^). 

Proof. Since add(7W) = min{cov(7\/(), b}, it suffices to prove that cov(crC/o) < min{cov(A^), b}. The inequality 
cov((T^/o) <i cov(A^) trivially follow from the inclusion aCo C aQo and the equality cov(crCo) = cov(A^) proved 
in Lemma [4.41 

To prove that cov{aQo) < b, apply Lemma 15.41 and find an uncountable family {Ga)aei^i of dense tame 
Ga-sets in I such that each countable subset of I is contained in some Gq. This implies that I" = iJaeuji ^a- 
By Proposition 15 . 5f 1 ) . each set G^ can be covered by b tame G^-subsets of the Hilbert cube. Consequently, 
I" can be covered by wi x b = b tame G^-subsets of the Hilbert cube, which means that cov{aQo) < b. □ 

Lemma 5.10. non(CT^o) > cof(A^). 

Proof. Since cof (7W) — max{non(7W), O}, it suffices to prove that non{aQo) > max{non(y\4), O}. Then inequal- 
ity iion{aQo) > non(A^) trivially follow from the inclusion aCa C o'Qq and the equality non{aCo) — non(A^) 
proved in Lemma [4.51 
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To prove that non(crf/o) > 5, fix any subset X C I" of cardinality \A\ < 3. Then X C for some subset 
y C I of cardinality |F| < • \X\ < t) < c. By Lemma [5. 4[ Y is contained in some dense tame G^-set G C I. 
By Proposition I5.5f 2). the set X C G" can be covered by a tame G^-subset of the Hilbert cube I", which 
implies that non{aQo) > non(tJo) >d. □ 



6. Proof of Theorem 11.101 

Assume that I is a (TG|-generated non-trivial topologically invariant cr-ideal I on I". By Theorem 11.11 
I CM and by CoroUaryO add(Z) < add(X), cov(I) = cov(A^), non(I) = non(X), and cof(Z) > cof(7W). 
So, it remains to check that add(I) > add(7M) and cof(I) < cof(A^). 

Since the ideal I is (TG|-generated, there is a sequence of G^-generated ideals such that Unew -^n — 

and each set A € I is contained in the union An of some compact sets An G In, n E uj. By Definition II. 9) 

for every n € uj there exist a G^-generated ideal X* on I" and an embedding e„ : I"^ ^ I" such that !„ — 
{en^{A) : A € I*}. Since I* is G^-generated, there is a dense G^-set G„ C I" such that each compact subset 
of G belongs to the ideal 2* and for each compact set A E I* the G^-set H'^" = {/i G 7^(1") : h{A) C G„} is 
dense in the homeomorphism group T-L{f^). 

To show that add(T) > add(A^), it suffices to check that for each family A of cardinality |^| < add(A4) 
the union IJ A belongs to the ideal I. For each set ^ G ^ we can find a sequence of compact sets An G X„ , 
n G whose union Unew contains the set A. It follows that the set e„(yl„) belongs to the ideal !*■ The 
choice of the G^-set G„ guarantees that the G^-set H^"^^ j = {h G : /i(e„(yl„)) C G„} is dense in the 

homeomorphism group 

Since |^| < add(7W) < cov(A^), the intersection H„ ~ CIaga'^'^^a ) '^'^^ empty and hence contains some 
homeomorphism /i„ G Since the ideal I is not trivial, each dense G^-set G„ is not equal to I'^, which 

implies that the countable product G — Jlnecj nowhere locally compact. Consequently, we can write the 

Polish nowhere locally compact space G as a perfect image of the Baire space w'^ and use this fact to prove 
that add(cr/C(G)) = add(o-/C) = b and cof(cr/C(G)) = cof (ct/C) = 0. 

For each set A G -4 consider the compact set Ka ~ Ylne^^n ° en(^n) ^ Ylneu^n ~ G. Since |^| < 
add(A^) < b = add((T/C(G)), there is a cr-compact set K <Z G containing the union lJyiG.A For every n £ lo 
let Kn G Gn be the projection of the cr-compact set K C Histj ^« onto the nth coordinate. It follows that 
Kn is a (T-compact subset of G„ containing the union {J^^j^hn ° e„(A„). Then /i~^(i4'„) G I* is a cr-compact 
subset of I" containing the union UAe.A^"(^") ^'^'^ ~ ^n^{^n^{^n)) G Xn is a cr-compact set containing 
the union Uyie>t ^n- Finally, the cr-compact set U = Unew Un E I contains the union Unecj Uag^a ^« ^ U 
This completes the proof of the inequality add(I) > a,dd{M). 

Next, we show that cof(J) < cof(A^). In the Polish group "^(1")" fix a non-meager subset H C 
of cardinality \H] = non(A^). As we already know the a-ideal ct/C(G) generated by compact subsets of the 
PoHsh nowhere locally compact space G = Ilnetj ^" cofinality cof(cr/C(G)) — cof(cr/C) = 0. Consequently, 
(jIC{G) has a base V of cardinality |2?| = consisting of cr-compact subsets of G. For each set D E V and 
n G by Dn Q Gn denote the projection of I? C G = HiGw ^» ''^'^^ coordinate. Observe that D„ is 

a a-compact subset of G„ and hence £>„ belongs to the ideal I*. 

It follows that the family 

B^{\J{hnO en)-\Dn) : D E V , {hn)neu. G H} 

consists of cr-compact subsets of I", belongs to the a-ideall and has cardinality \B\ < |2?|-|iJ| — max{0, non(A^)} = 
cof (A^). It remains to check that S is a base for the ideal I. Fix any set A G I and find compact sets An G X„, 
n E uj, whose union Unew contains A. For every n E uj consider the compact set e„(A„) G X* and observe 
that the set ^= {h € : /i(e„(A„)) C G„} is a dense Gs in the homeomorphism group Then 

the product Ilnew '^f"(A )' being a dense G^-set in the Polish space 'H{f^)'^, has a common point {hn)neu with 
the non-meager set H. By the choice of the family V, the compact subset IlneLj ° en(^n) G G is contained 
in some set D £ T>. Then /i„ o e„(A„) C Dn for every n £ ui and the set UnewC''" ° ^n)~^{Dn) G B contains 
the union Unew — witnessing that cof(T) < \B\ < coi{A4). 
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7. Proof of Theorem 11.121 

(1) We shall prove that for every n < uj the cr-ideal crZ„ generated by Z„-sets in I" is G^-generated. 
By Theorem 12.31 the set of Z-embeddings is dense in the function space C(I",I"). This fact allows us to 
construct a dense countable subset {fk}kei^ ^ C(I",I") consisting of Z-embeddings with pairwise disjoint 
images. We claim that the G^-set G = I" \ Ufcet^ /"(I") witnesses that the ideal cr-E„ is G^-generated. It 
is clear that the ideal crZ„ has a-compact base. Since the set {/ G G(P,I'^) : /(I") fl G = 0} is dense 
in G(I",I"), each compact subset of G is a Z„-set in I'^. Finally, take any Z„-set A C I". Then we can 
find a dense subset {gk}k£u: ^ G(I",I") consisting of Z-embeddings with pairwise disjoint images such that 
A n Ufc6i.c; 5fc (■"■") = ^- Using Theorems 5.1 and 11.1 of [5], by the standard back-and-forth argument we 
can show that the set H ^ {h e 7^(1") : hi\Jf^^^ gkiP)) = Ufeec^ /*;(!")} is dense in H(r). Then the set 
H^ = {h€ H(r ) : h{A) C G} D H also is dense in n{r). Therefore, the cr-ideal crZ„ is G^-generated. 

(2) Let 2? be a dimension class. By definition, V contains a ICD 2?-universal space U ^ V. Replacing U by 
a suitable topological copy, we can assume that U is contained in some Z-set Z Cf^ . Using Theorem 11.2 of 
[5], we can construct a countable dense subset {/injnew Q ^(1") such that hn{Z) n hm{Z) = for any distinct 
numbers n,TO S w. Taking into account that hn{Z) is a aZ-set in I", we can find a countable dense 
subset {/„}„6^ C G(r ,r) such that \J^^^ /„(r ) n U„e<, hn{Z) = 0. 

Since {hn{U)}n£uj C 2? is a closed countable cover of the set W = UnGw hn{U), the set W belongs to the 
dimension class V. By Definition II. Ill the set W € V can be enlarged to a G^-set G €V. We can additionally 
assume that G C I" \ Unetj/"(^")- claim that the G^-set G witnesses that the cr-ideal a{Z^ n V) is 
G^-generated. It is clear that this ideal has cr-compact base. 

Since the set {fn}n£ui is dense in the function space G(I",I") and the set G is disjoint with the union 
Uriew fni^'^), each compact subset belongs to the family n V. It remains to prove that for each compact 
subset A e a{Zuj n V) the set = {h e 7^(1") : h{A) C G} is dense in the homeomorphism group 
The additivity property of the dimension class T> implies that A belongs to the class V. By Theorem 3.1(3) 
of [5j , A is a 2't^-set in I" . Since the set U is ICn 2?-universal, there is an embedding h : A ^ U C Z. By the 
Z-Set Unknotting Theorem 11.2 [5], the homeomorphism h : A ^(^) between the Z^^-sets A and h{A) can 
be extended to a homeomorphism h of I" . 

To show that the set is dense in ^(I"), fix any homeomorphism g e and an open neighborhood 

0(17) of g in 7^(1"). By the density of the set {hn}neuj in for some n E uj the homeomorphism hn oh 

belongs to the open set 0{g). Since hn o h{A) C hn{U) C C G, the homeomorphism hn oh belongs to 
0(5) n H'^ witnessing that the set H'^ is dense in "^(1"). This completes the proof of the G^-generacy of the 
ideal a{Z^nV). 

Next, we show that the ideal cr(/C n V) is G^-generated. For this take any Z-embedding e : I"^ — ^ I" and 
observe that cr(/C 117)) = {e^^{A) : A e cr(Z(j n V)}. Since the ideal a{Z^ n V) is G^-generated, the cr-ideal 
cr(/C n V) is G|-generated. 

(3) Let P be a cr-dimensional class. Then V = Unsw ^'^^ some increasing family of dimensional classes 
(2'n)new- By (already proved) Theorem (LTSJ 2), the cr-ideals a{Z^ n I?„) and cr(/C fl P„) are G|-generated for 
all n E UJ. 

To show that the cr-ideal a{Zi^ n V) is crG|-generated, fix any subset A G cr(Z„ n V). By the definition 
of the cr-ideal a{Zi^ n V), the set A is contained in the union IJfeew some Z^^-sets Ak G V. For every 

n e w let Bn = [J{Ak : k < n, Ak E T>n} E Z^^ Ci P„. Since A C IJj.^^ Ak = Uneuj ^n, we see that the cr-ideal 
cr(Z„ n V) is crG^-generated. By analogy we can prove the crG|-generacy of the cr-ideal cr(/C fl I?„). 

8. Open Problems 

In this section we collect some open problems on topologically invariant cr-ideals on I'^' . The most intriguing 
problems concern the ct- ideal cr^o- 

Problem 8.1. Is a.dd{aGo) — cov(crCJo) = ^^i and non(crC7o) cof(crCJo) = c? 
Problem 8.2. Is cov{aQo) = c under Martin's Axiom? Under PFA? 
Problem 8.3. Is aQo = aVo ? 
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It Proposition 4 of [4l it was proved that for any dense G^-set G C I the countable power G'^ does not 
belong to the family Qq of minimal dense G^-sets in I". 

Problem 8.4. Is £ aQa for some dense Gs-set G C I? 

Problem 8.5. Let X he a maximal non-trivial topologically invariant a-ideal with Borel base on I". Isl ~ M? 

A closed subset v4 C I*^ is called a homological Z^-set in I" if A x {0} is a Z^-set in I" x [—1, 1]. Let B 
be the family of all Borel subsets SCI" such that the closure G of each connected subset G C i3 in I" is a 
homological Z^-set in I". It follows from Main Lemma of 1 that the cr-ideal aB generated by the family B is 
not trivial. 

Problem 8.6. Is the ideal aB a maximal non-trivial topologically invariant a-ideal with Borel base on I" ? 
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